A family of mimetic finite difference
methods on polygonal and
polyhedral meshes

Konstantin Lipnikov

Los Alamos National Laboratory, USA

lipnikov @lanl.gov
Franco Brezzi Valeria Simoncini
University of Pavia, Italy Universite of Bologna, Italy
brezzi @imati.cnr.it valeria@dm.unibo.it

s Los Alamos —p.1/2

AAAAAAAAAAAAAAAAAA




Mimetic Finite Difference method
Key theoretical assumption
Family of MFD methods
Numerical experiments

Conclusion

s Los Alamos —p.2/2

AAAAAAAAAAAAAAAAAA




DOE/ASCR Program in the Applied Mathematical
Sciences

FIRB 2001 and PRIN 2003 projects of Italian MIUR

R. Garimella for mesh generation support

s Los Alamos —p.3/2

AAAAAAAAAAAAAAAAAA




Mimetic finite difference method

Continuum Problem MFD method
divii = b DIVu' = b"
u = —Vp u" = —GRADp"
wdiv = —-V* m DIV = —-GRAD*

m ker(V)=constants
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w ker(GRAD ) =constants
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“ moving mesh methods (Lagrangian, ALE)

“ unlimited possibilities for mesh generation

“ polyhedral meshes are preferable for some CFD applications
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Degrees of freedom

w | pressure d.o.f. per mesh cell

» 1 velocity d.o.f. per mesh face

» | pressure d.o.f. per mesh face
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h
1 pressure d.o.f. per mesh cell bs

1 velocity d.o.f. per mesh edge

1 pressure d.o.f. per mesh edge
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Local divergence operator

The divergence theorem

. — . 1 — —
divu=llm — Qu-n
VE—>O VE’

or

implies

(DZV uh)E = VLE Zu? le;|
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Local gradient operator

u" = —GRAD p"

) ) ) ) ®
Uz e1] (P;fl — P(i)i) O
u €21 (Py — D

5| gy, |l 2D
ug ' les| (P5 — p§)

a M =M > 0 (symmetry & positivity)
w ker(GRAD ) = constants
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Exact gradient for linear p:

o] < e/
p=x — U= — u; = UMy = Ny g
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Exact gradient for linear p:

e 1 I R A
p_y T 1 ’L_‘€Z| (2 v,y
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N1z Ny ei| (z1 —20) |ex| (w1 — vo)
Maw Moy | _ o 2] (2 — x0) |e1| (Y2 — %o)
. — 6Xx6 . .
Nex Moy les| (w6 — 0) ler] (y6 — vo)

N6><2 — 1MI()’><6 R6x2
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Properties of matrices N and R

Lemma.
N'R =R'N = I,

Proof.

VE=/V:U-V(33—:BO)
E OF ! €4
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Similarly,

0= [y Via - m0) = [ (Vy-@)(o - 20) = (N7 R,

oF
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Solution method

A solution to
N=MR
1S
M, = NN’

W check: MgR=NN'R=NI=N
@ valid for any polygon and any polyhedron with planar faces
W My=M >0

@ general form for the solution is My + M where Ml; R = 0
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Family of MFD methods

Theorem. Let columns of D span ker(R'), i.e.

RTD =0 and RD! = 0.

Then,
M =NN! +DUD"

is the SPD matrix for any U = U’ > 0.
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M =NN! +DUD?

(n — 1)(n — 2)/2 free coefficients

If both term are balanced, then
2nd order convergence for pressure

Ist order convergence for velocity

the same formula holds for polyhedral meshes

straightforward generalization to full tensor K
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Numerical experiments

M =NN' +DUD’

Let D be symmetric orthogonal projector onto ker(R?1)
and

1
U = ul —
ull, (i A
Then
M = NN? + 4D

= complexity of computing M, ., is (2d + 1)n* + 4d*n
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ey | (z+1)°+y*  —ay
p(x, y) = x°y* + xsin(2mxy) sin(27y), K =

—2y (v + 1)
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Numerical experiments

Problem similar to the above 2D problem

mesh L2 norm of error

| —e—pressure|

4 e = velocity |
10 7 A A — =
10 10
h

> Los Alamos —p.18/21




For diffusion problems on unstructured polygonal
and polyhedral meshes, we developed a family of
mimetic finite difference methods with the following
properties:

methods have optimal convergence rates
they result in SPD matrices

the methodology can be extended to cells with
strongly curved faces
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Conclusion (cont.)
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@ the mixed FE method does not converge on randomly perturbed meshes
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